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Abstract
In this paper, we introduce the integration of algebroidal functions on Riemann surfaces
for the first time. Some properties of integration are obtained. By giving the definition of
residues and integral function element, we obtain the condition that the integral is indepen-
dent of path. At last, we prove that the integral of an irreducible algebroidal function is also
an irreducible algebroidal function if all the residues at critical points are zeros.
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1 Introduction
Algebroidal functions are a kind of important multi-value functions. For example, in the field
of complex differential equation, algebroidal solutions are more general than meromorphic so-
lutions. But there are few results on algebroidal functions for lack of effective tools. Though
integration is a basic definition, we have not seen any research on the integral of algebroidal
functions, even in [1, 2]. Note that the integral of algebroid functions we define is completely
different from [3]. For holomorphic functions, the integrals can be defined as the limit of the
same kind as that encountered in a usual integral. But for algebroidal functions, because of its
multi-valuedness, we can not define the integral as what we usually do for holomorphic func-
tions. In this paper, we see algebroidal functions as single-valued on the Riemann surfaces. The
definite integral on the Riemann surface is defined and some of its properties are obtained in
[4, 5]. Then by giving the definition of residues at critical points, we prove that the integral
is independent of path if all the residues at critical points are zeros. Under the same assump-
tion, we define the integral function element and prove that they are unchangeable for direct
continuation. And last, we obtain the integral of an irreducible algebroidal function is also an
irreducible algebroidal function if all the residues at critical points are zeros.
∗The research is supported by the National Natural Science Foundation of China(No.11501127), Guangdong
Natural Science Foundation(No.2015A030313628), Training plan for the Distinguished Young Teachers in Higher
Education of Guangdong(No.Yqgdufe1405) and Foundation for Distinguished Young Talents in Higher Education
of Guangdong Province (No.2014KQNCX068). Corresponding author:Kong Yinying
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First, we provide the definition of algebroidal functions. Let A1(z), A2(z), ..., Ak(z) be a
group of meromorphic functions in the complex plane C, then the equation in two variables
Ψ(W, z) =W k +A1(z)W
k−1 + ...+Ak(z) = 0 (1)
defines a k-valued algebroidal function W (z) in C.
The equation (1) is irreducible if it can not be expressed as the product of two non-meormorphic
functions. In this case, we say the algebroidal function is irreducible. In this paper, we con-
fine our consideration on irreducible algebroidal functions. We use the standard definitions and
notations of algebroidal functions ; e.g., see [1, 6, 7, 8, 9].
The resultant of Ψ(W, z) and its partial derivative ΨW (W, z), which is said to be the dis-
crimination of W (z), is denoted by R(Ψ,ΨW )(z). For an irreducible algebroidal function,
we have R(Ψ,ΨW )(z) 6≡ 0. Hence, points in the complex plane can be divided into two
kinds, say critical points and regular points. By critical points, we mean points in the set
SW =: {z;R(Ψ,ΨW )(z) 6= 0} ∪ {z; z is the pole of some Aj(z), j = 0, 1, · · · , k}. And points in
the set TW =: C− SW are regular points. It can be deduced that critical points are isolated.
Definition 1. By a function element (p(z),Da), or (p(z), a), we mean a simply-connected do-
main Da including a ∈ C and a holomorphic function p(z) in Da. Two function elements
(p(z), a) and (q(z), b) are equal, if a = b and there is a neighborhood U of a such that p(z) = q(z)
in U . If for all z ∈ Da, we have Ψ(z, p(z)) = 0, then (p(z),Da) is said to be a function element
of the algebroidal function W (z).
SupposeW (z) is an irreducible algebroidal function defined by (1). If there is an ordered pair
(w0, z0) satisfying
(i) Ψ(w0, z0) = 0,
(ii) ΨW (w0, z0) 6= 0,
by the implicit function theorem, then there uniquely exists a function element (w(z),Dz0) such
that w(z0) = w0 and Ψ(w(z), z) ≡ 0 for all z ∈ Dz0 (see [5]). Or, the ordered pair (w(z),Dz0)
is a function element of the algebroidal function W (z). We denote the set of all the function
element of the algebroidal function W (z) by T˜W .
Definition 2. A function element (q(z), b) is said to be the direct continuation of (p(z), a) =
(p(z),Da), if two conditions hold:
(i) b ∈ Da,
(ii) there is a neighborhood U of b, such that U ∈ Da and p(z) = q(z) for all z ∈ U .
Hence, it can be denoted by (p(z), b) = (q(z), b).
By this definition, we have for all u ∈ Da, function element (p(z), u) is a direct continuation
of (p(z), a).
Remarks 1. (i) If (w(z), a) is a function element of the algebroidal function W (z), by the
uniqueness of direct continuation, all its direct continuations are belong to W (z).
(ii) Function element (w(z),Da) and all its direct continuations {(q(z), b)} (b ∈ Da) form a
neighborhood Uw of (w(z),Da) on the Riemann surface. And the function w[(q(z), b)] =:
w(b) ∈ C is an analytic function in Uw.
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The critical points have been so far excluded from our considerations. Next we will consider
the points in SW . For any point a ∈ SW , there is a element (q(z), Ua) = (q(z), a), where q(z)
can be written as an Pusieux series
q(z) =
∞∑
n=u
Bn(z − a)n/m, Bu 6= 0. (2)
Especially, when m = 1, u ≥ 0, the element (q(z), Ua) is the function element we mentioned
above. When u < 0, the element is said to be a pole element. When m > 1, we say that it is
an algebraic element and a is a branch point of order m− 1. Both pole elements and algebraic
elements are said to be singular elements.
From [4], we obtain that the domain of an irreducible algebroidal function is a Riemann surface
composed by function elements and singular elements. We then define the integrals on these
Riemann surfaces.
2 Definite integrals of algebroidal functions
Definition 3. Suppose that C˜ is the Riemann surface defined by a k-valued algebroidal function
W (z) and L˜ is an arc on C˜ satisfying
L˜ : (wt(z), z(t)) (α ≤ t ≤ β) ⊂ T˜W .
The elements (w0(z), a = z(α)) and (w(z), b = z(β)) are the initial point and terminal point of
L˜, respectively. We choose n points along L˜ arbitrarily:
(w0(z), z(t0) = z(α)), (w1(z), z(t1)), (w2(z), z(t2)), · · · ,
(wn−1(z), z(tn−1)), (w(z), z(tn) = z(β)).
Since W (z) is continuous on L˜, when λ = max
0≤j≤n−1
|tj+1 − tj| tends to zero, the limit
J =: lim
λ→∞
Sn =
n−1∑
j=0
wj(z(tj))(z(tj+1)− z(tj))
exists. And we call it the definite integral of W (z) along L˜.
It can be deduced from Definition 3 that the followings hold.
Proposition 1. (i)
∫
L˜ αW (z)dz = α
∫
L˜W (z)dz, where α ∈ C;
(ii) ∫
L˜
W (z)dz =
∫
L˜1
W (z)dz +
∫
L˜2
W (z)dz + · · ·+
∫
L˜n
W (z)dz,
where L˜ can be subdividing into n subarcs L˜i (i = 1, 2, · · · , n);
(iii) ∫
L˜−
W (z)dz = −
∫
L˜
W (z)dz,
where L˜− is the opposite path of L˜;
(iv) If L˜ is a close path on the Riemann surface and there is no singular element in it, then∫
L˜
W (z)dz = 0.
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2.1 Independence of path
Definition 4. Suppose (q(z), a) is a singular element of an algebroidal function W (z), where
q(z) =
∞∑
n=u
Bn(z − a)n/m, Bu 6= 0,m ≥ 1 (or u < 0).
The complex number m ·B−m is called the residue of the singular element (q(z), a).
Lemma 1. Suppose that L˜ is a closed path on the Riemann surface with only one singular
element (q(z), a) = (q(z),Da) inside of it. If the residue of the singular element (q(z), a) is
mB−m = 0, then ∫
L˜
W (z)dz = 0.
Proof. Let ε ∈ (0, r) be sufficiently small and Γ˜ ⊂ T˜W be a closed curve on the Riemann surface
satisfying
Γ˜m : (wz(t)(z), z(t) = a+ εe
it) (0 ≤ t ≤ 2mpi).
By Propotion 1 and Definition 3, we have
∫
L˜
W (s)ds =
∫ 2mpi
0
∞∑
n=u
Bnr
′n/meitn/m · ir′eitdt
= i
∞∑
n=u
Bnr
′1+ n
m
∫ 2mpi
0
eit(1+
n
m
)dt
= iB−m
∫ 2mpi
0
dt = iB−m2mpi = 0.
Theorem 2. (Independence of path) Suppose that C˜ is a Riemann surface defined by an irre-
ducible algebroidal function W (z) and the residue of every singular element on it is zero. Then
for any close path L˜ ⊂ T˜W , we have ∫
L˜
W (z)dz = 0.
Proof. Since L˜ is a closed path, there are only finitely many singular elements in it, say
(qj(z), B(aj , rj)) (j = 1, 2, . . . , n). By adding finitely many curves γ˜j ⊂ T˜W (j = 1, 2, · · · , 2(n−
1)) in L˜, then L˜ and γ˜j (j = 1, 2, · · · , 2(n − 1)) form finitely many closed curves L˜j (j =
1, 2, · · · , n) and there is at most one singular element inside of each L˜j. Hence by Propotion 1,
Lemma 1 and taking account of the cancellations along the curves γ˜j (j = 1, 2, · · · , 2(n − 1)),
we have ∫
L˜
W (z)dz =
n∑
j=1
∫
L˜j
W (z)dz = 0.
Remarks 2. An algebroidal function satisfying the hypothesises in Theorem 4 does exist. For
example,
√
z is an irreducible 2-valued algebroidal function in the complex plane. Element (
√
z, 0)
is the only singular element on its Riemann surface, whose residue is zero.
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By Theorem 4, we have
Corollary 1. Suppose that W (z) is an algebroidal function and all the residues of its singular
elements are both zero. Then the define integration∫
L˜
W (z)dz
depends on the initial point (w0(z), a) and the terminal point (w(z), b) only. Hence the define
integration ∫ (w(z),b)
(w0(z),a)
W (z)dz
is well-defined.
2.2 Integral elements
In this part, we will define the integrals of all elements on the Riemenn surface. First, we study
the integral function elements:
Definition 5. Suppose that W (z) is an algebroidal function and all the residues of its singular
elements are both zero. Fix a function element (wa(z), a) on its corresponding Riemann surface.
For any function element (wb(z), Ub), or (wb(z), b), we define its integral function element as
(
∫
a
wb(z), b) := (ca,b +
∫ z
b
wb(s)ds, b), (3)
where
∫ z
b wb(s)ds is the complex integration and ca,b is the define integral
ca,b =
∫ (wb(z),b)
(wa(z),a)
W (z)dz.
It can be deduced from Definition 5 that the integral function elements are also function
elements. And we will see it is unchangeable for analytic continuation:
Lemma 2. Suppose that W (z) is an algebroidal function and all the residues of its singular
elements are both zero. Let function element (wb(z), u) be a direct continuation of function
element (wb(z), b). Then the integral function element (
∫
a wb(z), u) is the direct continuation of
(
∫
a wb(z), b).
Proof. It follows from Definition 5 that the integral function element of (wb(z), b) is
(
∫
a
wb(z), b)
(3)
= (ca,b +
∫ z
b
wb(s)ds, b). (4)
And the integral function element of (wb(z), u) is
(
∫
a
wb(z), u)
(3)
= (
∫ (wb(z),u)
(w0(z),a)
W (z)dz +
∫ z
u
wb(s)ds, u)
= (
∫ (wb(z),b)
(w0(z),a)
W (z)dz +
∫ (wb(z),u)
(wb(z),b)
wb(z)dz +
∫ z
u
wb(s)ds, u)
= (ca,b +
∫ u
b
wb(z)dz +
∫ z
u
wb(s)ds, u)
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That is
(
∫
a
wb(z), u) = (ca,b +
∫ z
b
wb(s)ds, u) (5)
By equality (4), (7) and Definition 2 , we can obtain that integral function element (
∫
a wb(z), u)
is the direct continuation of integral function element (
∫
awb(z), b).
Hence, for all u ∈ Ub, integral function element (
∫
a wb(z), u) is the direct continuation of
(ca,b+
∫ z
b wb(s)ds, b). The following lemma shows that the singular elements are weakly bounded.
This implies that every critical point is either analytic or a pole. For completeness, we give the
proof of it. We should mention that the proof has been given in [5, 6].
Lemma 3. Let W (z) be an algebroidal function defined by (1). Then for any z0 ∈ C, there exist
r > 0, M > 0 and n ∈ N+, such that for function element (p(z), a) satisfying {0 < |z − a| <
r} ⊂ TW , we have
|(a− z0)np(a)| < M.
Proof. Since the coefficients in equation (1) are meromorphic functions, they can be represented
as Laurent series in {0 < |z − z0| < r}, respectively. That is
Aj(z) =
+∞∑
l=nj
a
(j)
l (z − z0)l, a(j)nj 6= 0, j = 1, 2, · · · , k
Let n0 = min{nj; j = 1, 2, · · · , k}. Then there is a positive number M such that for any
a ∈ {0 < |z − z0| < r}
|(a− z0)n0 |(|A1(a)|+ |A2(a)|+ · · ·+ |Ak(a)|) ≤M.
When |p(a)| ≥ 1, we have
|(a− z0)n0p(a)| =
∣∣∣∣(a− z0)n0
(
A1(a) +
A2(a)
p(a)
+ · · ·+ Ak(a)
pk−1(a)
)∣∣∣∣
≤ |(a− z0)n0 |
(
|A1(a)|+ |A2(a)||p(a)| + · · ·+
|Ak(a)|
|pk−1(a)|
)
≤ |(a− z0)n0 |(|A1(a)|+ |A2(a)|+ · · ·+ |Ak(a)|) ≤M.
When |p(a)| < 1, we have
|(a− z0)n0p(a)| < r < M.
Lemma 4. (weakly bounded) Suppose that W (z) is an algebroidal function and all the residues
of its singular elements are both zeros. Fix a function element (wa(z), a) on its corresponding
Riemann surface. Then for any z0 ∈ C, there exist two real positive numbersM, r and an integer
n ≥ 0 such that for any integral function element (∫a wa(z), u) satisfying u ∈ {0 < |z− z0| < r},
we have
|(u− z0)n
∫
a
wa(u)| < M.
Proof. Let z0 ∈ SW . Then by Lemma 3, there exist r > 0, M > 0 and an integer n ≥ 0 such
that for any function element (w(z), u) satisfying u ∈ {0 < |z − z0| < r}, we have
|(u− z0)nw(u)| < M.
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Cutting B0 into simply connected domain B− := {0 < |z − z0| < r ∩ | arg(z − z0)| < pi} ⊂ TW ,
we have k single branches w1(z),w2(z),...,wk(z) of W (z).
For b ∈ B−, there are k distinct function elements (w1, b),(w2, b),...,(wk , b). By Definition 5,
the corresponding integral function elements are
(
∫
a
wj(z), b) := (
∫ (wj(z),b)
(w0(z),a)
W (z)dz +
∫ z
b
wj(s)ds, b), j = 1, 2, ..., k.
Let
H := max{|
∫ (wj(z),b)
(w0(z),a)
W (z)dz|, j = 1, 2, ..., k}.
For for any (u ∈ B0), the integral function elements of (wj(z), u)) (j = 1, 2, ..., k) are (
∫
a wj(z), u)
(j = 1, 2, ..., k), respectively. It follows from Lemma 2 that they are the direct continuations of
(
∫
a wj(z), b). Hence, for any u ∈ B− ∩ {|u| > |b|}, we have
|
∫ (wj(z),b)
(w0(z),a)
W (z)dz| + |
∫ u
b
wj(s)ds| ≤ H + |
∫ u
b
wj(s)ds|
(4)
≤ H + 2pi|b| · M|u− z0|n .
3 Integral of algebroidal function
Then we can define the integral of algebroidal function:
Definition 6. We say M(z) is the integral of an algebroidal function W (z) if M ′(z) =W (z).
Theorem 3. Suppose that W (z) is an irreducible algebroidal function and all the residues of
its singular elements are both zeros. Then the integral of W (z) exists and it is also irreducible.
Further, if (wa(z), a) is given, it is unique.
Proof.
Step 1. For all b ∈ TW , there are k distinct function elements {(wj(z), b) = (wj(z), Ub)}kj=1.
It follows from Definition 5, there are k function elements
(
∫
a
wj(z), Ub) := (
∫ (wj(z),b)
(w0(z),a)
W (z)dz +
∫ z
b
wj(s)ds, b), j = 1, 2, · · · , k. (6)
By Lemma 2, for u ∈ Ub, there are k integral function elements
(
∫
a
wj(z), u) := (
∫ (wj(z),b)
(w0(z),a)
W (z)dz +
∫ z
b
wj(s)ds, u), j = 1, 2, · · · , k; u ∈ Ub.
They are the direct continuations of (
∫
a wj(z), b), respectively. Then we can define a group of
functions in Ub
B1(z) : = −
∫
a
w1(z) −
∫
a
w2(z) − · · · −
∫
a
wk(z);
B2(z) : =
∑
1≤i<j≤k
∫
a
wi(z)
∫
a
wj(z);
· · · · · ·
Bk(z) : = (−1)k
∫
a
w1(z)
∫
a
w2(z) · · ·
∫
a
wk(z)
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It is trivial that {Bj(z)}kj=1 are single-valued analytic functions in Ub. Further, they are analytic
in TW .
For any d ∈ SW , it is isolated. By Lemma 4, d is a pole of all {Bj(z)}kj=1 at most. Hence,
we obtain k meromorphic functions {Bj(z)}kj=1 in C.
We form now an equation by {Bj(z)}kj=1 as follow
Mk +B1(z)M
k−1 + ...+Bk(z) = 0. (7)
Then the k-valued algebroidal function M(z) is the integral of algebroidal function W (z).
Step 2. We then turn to prove thatM(z) is irreducible. Otherwise, equation (7) can be composed
by a q-valued (q < k) algebroidal function Mq(z). We suppose the derivative of Mq(z) is defined
by
(W − w1(z))(W − w2(z))...(W − wq(z)) =W q + d1(z)W q−1 + ...+ dq(z) = 0.
Then the above equation is a factor of the equation (1), which contradicts thatW (z) is irreducible.
Corollary 2. Suppose f(z) is a meromorphic function in the simply-connected domain D and
all the residues at poles are zeros. Then the integral of meromorphic function f(z) exists and it
is also a meromorphic function. If the initial point is given, the integral is unique.
Theorem 4. Suppose that W (z) is an irreducible algebroidal function and all the residues of
its singular elements are both zeros. Then we can obtain a family of integral of W (z) with an
arbitrarily constant.
Proof. For a fixed function element (w0(z), a), the unique equation which define the integral of
algebroidal function W (z) is
Mk +B1(z)M
k−1 + · · ·+Bk(z) = (M −
∫
a
w1(z))(M −
∫
a
w2(z)) · · · (M −
∫
a
wk(z)) = 0.
Then the family of integral function with an arbitrarily constant c is
Mk +Bc1(z)M
k−1 + · · · +Bck(z)
= [M − (c+
∫
a
w1(z))][M − (c+
∫
a
w2(z))] · · · [M − (c+
∫
a
wk(z))]
= [(M − c)−
∫
a
w1(z)][(M − c)−M − (c+
∫
a
w2(z)] · · · [(M − c)−
∫
a
wk(z)]
= (M − c)k +B1(z)(M − c)k−1 + · · ·+Bk(z) = 0.
Hence, we can obtain the coefficients are
Bc1 = −cC1k +B1;
Bc2 = c
2C2k − cC1k−1B1 +B2;
· · · · · ·
Bcj = (−1)j [cjCjk − cj−1Cj−1k−1B1 + · · ·+ (−1)jBj];
· · · · · ·
Bck = (−1)k[ckCkk − ck−1Ck−1k−1B1 + · · ·+ (−1)kBk]
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Bc1 = B1 − cC1k ;
Bc2 = B2 − cC1k−1B1 + c2C2k ;
· · · · · ·
Bcj = Bj − cC1k−j+1Bj−1 + · · ·+ (−c)jCjk;
· · · · · ·
Bck = Bk − cC1k−k+1Bk−1 + · · ·+ (−c)kCkk
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